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1. Introduction
Let G be a finite group with a faithful, irreducible complex representation of degree n.
Let p be a prime number and P be a Sylow p-subgroup of G. If G is solvable, Winter [8]
showed that P G unless n is divisible by some prime power q > 1 such that q ≡ 1,−1,
or 0 (mod p). It was conjectured (see [3, p. 245], for example) that the same conclusion
holds when G is merely p-solvable. This was shown to be true by Isaacs [4] when n 2p
and by Winter [9] when n = 2p + 1. The present paper uses the classification of finite
simple groups to prove the conjecture without any assumptions about n.
In Section 2 of this paper, a minimal counterexample is considered, and the problem
is reduced to a situation involving simple groups. The classification is used in Section 3
to show that this situation cannot occur. In Section 4, an analogous result is proved for
π -separable linear groups, where π is a set of primes.
2. Reductions
For what follows, all groups will be assumed to be finite, and all representations as-
sumed to be over the complex numbers. We begin by introducing some notation related to
the group properties that we intend to examine.
Definition 1. Let G be a linear group and π be a set of primes. Then G will be said to
satisfy condition (∗)π if it has at least one of the following properties:E-mail address: newton@math.wisc.edu.
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(b) There exist a prime p ∈ π and a prime power q > 1 such that q divides the degree n
of G and q ≡ 1,−1, or 0 (mod p).
In the case where π contains a single prime p (which will be our primary concern prior
to Section 4), we will refer to condition (∗)π as condition (∗)p .
It is useful to note that the word ‘abelian’ may be removed from part (a) of condition
(∗)π to yield an equivalent condition. To see this, consider a linear group G of degree n,
and suppose that G does not satisfy part (b) of condition (∗)π . Let χ be a faithful character
of G of degree n. If G has a normal Hall π -subgroup H , then (|H |, n) = 1 and χH is the
sum of linear characters of H . It follows that H is necessarily abelian in this situation.
Lemma 1. Let π be a set of primes and P be any group property which is inherited by sub-
groups and quotients. Let G be a linear group of minimal order such that it is irreducible
and satisfies property P , but does not satisfy condition (∗)π . Then Oπ ′(G) = G.
Proof. Let n be the degree of G and let χ ∈ Irr(G) be faithful with χ(1) = n. Let V =
Oπ ′(G) and suppose towards a contradiction that V <G.
Suppose that χV = ϕ1 + · · · + ϕm, with ϕi ∈ Irr(V ), and let Ki = kerϕi . Then ϕi is
a faithful, irreducible character of V/Ki for 1  i  m. Also, ϕi(1) divides n for each i,
so none of the groups V/Ki satisfy part (b) of condition (∗)π . By the minimality of |G|
among groups satisfying property P but not condition (∗)π , we have that each V/Ki must
have a normal Hall π -subgroup.
But
⋂m
i=1 Ki = 1, so V embeds in V/K1 × · · · × V/Km via the map
g → (gK1, . . . , gKm).
Thus V must have a normal Hall π -subgroup, which is a normal Hall π -subgroup of G.
This is a contradiction. 
Lemma 2. Let G be an irreducible linear group of degree n which does not satisfy con-
dition (∗)p and is such that Op′(G) = G. Suppose that N M  G, where M and N
are both normal in G, with |G :M| a p-power and |M :N | a p′-number. If χ ∈ Irr(G) is
faithful of degree n, then χN is a multiple of an irreducible character of N .
Proof. Let S be a Sylow p-subgroup of G. Note that S acts on the set of irreducible
constituents of χN , and that each orbit of this action has p-power size. Since p  n, there
must exist an irreducible constituent ϕ of χN that is S-invariant. We claim that ϕ is actually
G-invariant, in which case χN is a multiple of ϕ and we are done.
Let T be the stabilizer in G of ϕ, and note that S  T . Thus MT MS = G, so if we
let L = T ∩M , then |M :L| = |G :T |. Also note that LT , so S NG(L). Let C M be
such that C/N = CM/N(S). For a subgroup H of M , let H denote the image of H under
the canonical homomorphism from M to M/N . Let q be any prime dividing |M|. Now
C ∩ L is S-invariant, and since the action of S on C ∩ L is coprime, C ∩ L contains an
S-invariant Sylow q-subgroup Q0. Furthermore, Q0 is contained in an S-invariant Sylow
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Let QC = C ∩QM and note that QC ∩QL = Q0.
Let |QL| = qa and |QM | = qb . Consider the S-invariant set QCQL and note that
|QCQL| = qr for some r such that a  r  b. Suppose that r < b, so that QCQL < QM .
Then S acts without fixed points on the set QM \QCQL, and hence each orbit of S on this
set has size divisible by p. Thus p divides qb − qr = qr(qb−r − 1) and qb−r ≡ 1 (mod p).
Since r  a, it follows that qb−r divides qb−a = |M :L|q = |G :T |q . But |G :T | divides n,
so we have that qb−r divides n. This contradicts the fact that G does not satisfy condition
(∗)p , and we therefore have that r = b, giving QCQL = QM .
Note that
|CL|q = |C|q |L|q|C ∩L|q
 |QC ||QL||Q0| =
|QC ||QL|
|QC ∩QL| = |QCQL| = |QM | = |M|q .
As q was an arbitrary prime dividing |M|, we have that CL = M , and that CL = M .
Therefore we may take m = cl to be an arbitrary element of M , with c ∈ C and l ∈ L.
If s is any element of S, we see that
[m,s] = [cl, s] = [c, s]l[l, s] ∈ NL = L.
It follows that [M,S] L. Also note that [M,S] is normal in 〈M,S〉 = G.
Now
[S[M,S],M] [M,S]M [M,S,M] [M,S][M,S] = [M,S],
so S[M,S]/[M,S] is centralized by M/[M,S] in G/[M,S]. This gives us that
S[M,S]/[M,S]G/[M,S] and S[M,S]G.
Since Op′(G) = G, we have that S[M,S] = G. But S[M,S] SL = T , so G = T and ϕ
is invariant in G as needed. 
Lemma 3. Let M be a central product of the groups S1, . . . , Sr and let χ be an irreducible
character of M . Assume that for every i, j ∈ {1, . . . , r}, there exists an automorphism σij of
M such that χ is invariant under σij and σij (Si) = Sj . Then χ(1) = mr for some positive
integer m.
Proof. Since Si commutes with Sj whenever i 	= j , every irreducible constituent of χSj is
Si -invariant for 1 i  r . Thus every such constituent is invariant in M , and is the unique
irreducible constituent of χSj . Denote this constituent by ϕj .
For each i ∈ {1, . . . , r}, let ϕσijj be the irreducible character of Si such that ϕ
σij
j (x) =
ϕj (σij (x)) for x ∈ Si . As χσij = χ , it is clear that ϕσijj must be the unique irreducible
constituent of χSi ; that is, ϕ
σij
j = ϕi . In particular, we have that ϕi(1) = ϕj (1) for all i, j ∈{1, . . . , r}.
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Since Si and Sj commute whenever i 	= j , we see that θ is a surjective homomorphism.
Thus there exists a character χˆ ∈ Irr(R) such that χˆ (x) = χ(θ(x)) for x ∈ R.
Let Sˆ1 = S1 ×1×· · ·×1 and Sˆ2 = 1×S2 ×1×· · ·×1, etc. be subgroups of R. For any
character α ∈ Irr(S1), let αˆ ∈ Irr(R) be α × 1 × · · · × 1. Similarly, if β is any irreducible
character of S2, let βˆ ∈ Irr(R) be 1 × β × 1 × · · · × 1, and so on. Since χSi is a multiple of
ϕi for each i ∈ {1, . . . , r}, it follows that χˆSˆi is a multiple of ϕˆi .
Now there exist characters ψi ∈ Irr(Si) such that χˆ = ψ1 ×· · ·×ψr , so χˆSˆi is a multiple
of ψˆi for every i ∈ {1, . . . , r}. Thus ψi is a scalar multiple of ϕi for each such i. As ψi
and ϕi are both irreducible characters of Si , however, it follows that ψi = ϕi , and that
χˆ = ϕ1 × ϕ2 × · · · × ϕr . If m is the common degree of the ϕi , we therefore have that
χ(1) = χˆ(1) = mr . 
Lemma 4. Let G be a linear group of minimal order such that it is irreducible, p-solvable,
and does not satisfy condition (∗)p . Then a Sylow p-subgroup of G has order p, and G
has a normal p-complement M such that M is perfect and M/Z(M) is simple and non-
abelian.
Proof. By Lemma 1, we have that Op′(G) = G. Since G is p-solvable, it follows that
Op(G) < G. Thus there exists a subgroup M  G such that |G :M| = p. Let n be the
degree of G and let χ ∈ Irr(G) be faithful with χ(1) = n. Since p does not divide n, it
follows that χM ∈ Irr(M), and by the minimality of |G| we have that M satisfies condition
(∗)p . Thus M must have a normal Sylow p-subgroup, which we call T . We wish to show
that T is trivial, in which case M is a normal p-complement of G, and a Sylow p-subgroup
of G has order p.
Note that T G. By Lemma 2, it follows that χT is a multiple of a single irreducible
character of T , which must be linear, since p  n. Thus T  Z(χ) = Z(G). We see that
M has a normal p-complement K , which is also a normal p-complement of G. Note that
χK ∈ Irr(K), and that M = T ×˙K . Thus θ = 1T × χK is an irreducible character of M .
Since |G :M| = p and θ is G-invariant, it follows by [3, Corollary 6.20] that θ extends to
some character η ∈ Irr(G). As χK is faithful and a Sylow p-subgroup of G is not normal
in G, it follows that kerη = T .
The quotient group G/T thus has a faithful irreducible character of degree n. If T > 1,
then we have by the minimality of |G| that G/T has a normal Sylow p-subgroup. This
implies that G has a normal Sylow p-subgroup, contrary to our assumptions. Thus we
must have T = 1, as desired.
Note that all solvable, irreducible linear groups satisfy condition (∗)p by Winter’s result
[8], so we may assume that G (and hence M) are nonsolvable.
Now let N be any proper subgroup of M that is normal in G. We claim that N  Z(G).
Lemma 2 gives us that χN is a multiple of some character ϕ ∈ Irr(N). Note that ϕ is faithful
and that ϕ(1) divides n.
Let P be a Sylow p-subgroup of G. Since ϕ is G-invariant and |NP :N | = p, we have
that ϕ extends to an irreducible character ψ of NP . If ψ is faithful, then P NP by the
minimality of |G|. If not, then |kerψ | = p, since N contains every p′-subgroup of NP
and ψN = ϕ is faithful. Thus in any case we have that P  NP , and that P  CG(N).
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that N  Z(G), as claimed.
Suppose that M ′ <M . Since M ′G, we have by the claim above that M ′  Z(G) and
that M is solvable, a contradiction. We therefore have that M is perfect.
Now let Z = Z(M). It remains to show that M/Z is simple and non-abelian. Making
use of the claim once again, we have that Z = Z(G) and that M/Z is a chief factor of
G. Thus M/Z is characteristically simple. Note that since M is nonsolvable, M/Z is not
abelian. It follows that M/Z is the direct product of non-abelian simple groups which are
permuted by every automorphism of M . We wish to show that there is only one simple
group in this product, giving us that M/Z is simple.
Suppose towards a contradiction that M/Z = S1/Z×˙ · · · ×˙Sr/Z, with Si/Z simple and
non-abelian and r > 1. Note that P acts by conjugation on the set {Si | 1  i  r}, and
since M/Z is a chief factor of G, this set must consist of a single P -orbit. Thus r = p.
We claim that M is a central product of the Si . For i 	= j , we have [Si, Sj ]  Z, so
[Si, Sj , Si] = [Sj , Si, Si] = 1. Thus by the Three Subgroups Lemma, [Si, Si, Sj ] = 1. Also
note that (Si/Z)′ = Si/Z, so [Si, Si]Z = Si . Thus we have [Si, Sj ] = [[Si, Si]Z,Sj ] =
[Si, Si, Sj ] = 1, as claimed.
Lemma 3 now applies to give us that n = mp for some positive integer m. Let q
be any prime dividing m. As qp divides n, we have that qp−1 must also divide n. But
qp−1 ≡ 1 (mod p) by Fermat’s Little Theorem, contradicting that fact that G does not
satisfy condition (∗)p . Thus r = 1 and M/Z is indeed simple. 
3. Main result
The following theorem will be proved.
Theorem 1. Let p be any prime number and let G be an irreducible p-solvable linear
group of degree n. Suppose that n is not divisible by any prime power q > 1 such that
q ≡ 1,−1, or 0 (mod p). Then G has a normal abelian Sylow p-subgroup.
Note that Theorem 1 is equivalent to the statement that every irreducible p-solvable
linear group satisfies condition (∗)p .
We first need to state a number of known facts about simple groups and prime numbers.
Lemma 5. Let G be a non-abelian finite simple group, and let 1 	= σ ∈ Aut(G) be such
that (|G|, o(σ )) = 1. Then G is a group of Lie type over a finite field F , and σ is conjugate
in Aut(G) to an automorphism of G which is induced by a field automorphism of F .
Proof. This follows from the classification of finite simple groups and [1, Theorems 2.5.1,
2.5.12, 5.2.1, and Tables 5.3(a)–(z)]. 
We now wish to state a fact about the central extensions of the simple groups of Lie
type. The character degrees of such groups have been classified by Lusztig, and the lemma
below follows from [5,6], and [7, Sections 3B and 3C]. (The author is indebted to Professor
B. Newton / Journal of Algebra 288 (2005) 384–391 389Gunter Malle for his communications regarding the statement of this lemma, and for di-
recting him to the sources cited.)
Lemma 6. Let G be perfect with G/Z(G) a simple group of Lie type over a field of order
q = pm, where p is a prime number and m> 3. Let χ ∈ Irr(G) be nonlinear, and let Φk(x)
denote the kth cyclotomic polynomial. Then either q divides χ(1) or there exist integers d
and k such that Φk(q) divides dχ(1), and d and k have the following properties:
(a) If G/Z(G) is of type An(q) or 2An(q), then k  n, and d is not divisible by any prime
number greater than n+ 1.
(b) If G/Z(G) is not of type An(q) or 2An(q), then d is not divisible by any prime number
greater than 5.
The following fact about prime numbers is due to Zsigmondy. See [2, Section IX, The-
orem 8.3] for a proof.
Lemma 7. Let a > 1 and n 1 be integers such that n 	= 2 and (a,n) 	= (2,6). Then an−1
is divisible by a prime number that does not divide am − 1 for 1m< n.
Lemma 8. Let p and r be prime numbers with p  5 and let m be any positive multiple
of p. Then for every positive integer n, there is a prime divisor s of Φn(rm) such that
s > n+ 1 and s ≡ 1 (mod p).
Proof. Since p  5, it follows that mn 	= 2 and (r,mn) 	= (2,6). So by Lemma 7, there
exists a prime number s that divides rmn − 1, but does not divide rk − 1 for any integer k
such that 1 k <mn. Now
rmn − 1 =
∏
d|n
Φd(r
m),
where the product runs over the positive divisors of n. Also, Φd(rm) divides rmd − 1 for
any such divisor d , so we have that s does not divide Φd(rm) for any proper positive divisor
d of n. It follows that s divides Φn(rm).
Finally, note that the multiplicative order of r in the integers modulo s is mn, so mn
divides s − 1. Thus s mn + 1 > n + 1. Since p divides m, we have that p divides s − 1
and that s ≡ 1 (mod p). 
Proof of Theorem 1. Let G be a counterexample of minimal order, and let P be a Sy-
low p-subgroup of G. By Lemma 4, we have that |P | = p and that G has a normal
p-complement M such that M is perfect and M/Z(M) is simple and non-abelian. Let
n be the degree of G, and let χ ∈ Irr(G) be faithful, with χ(1) = n.
Note that χM ∈ Irr(M), so Z(M) Z(χ) = Z(G), and [Z(M),P ] = 1. Also, we have
[M,P,P ] = [M,P ], since (|M|, |P |) = 1. Thus if P acts trivially on M/Z(M), then P
must act trivially on M . Since P G, however, this cannot be the case, and we have that
P acts faithfully on M/Z(M). By Lemma 5, then, M/Z(M) must be a simple group of Lie
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We know that the field has an automorphism of order p, so p must divide m.
If p ∈ {2,3}, then G clearly satisfies part (b) of condition (∗)p , so we may assume that
p  5. Thus m  5 and Lemma 6 applies. Note that if q divides n, then rp−1 divides n.
But rp−1 ≡ 1 (mod p), so we may assume that there exist integers d and k as in Lemma 6
such that dn is divisible by Φk(q).
By Lemma 8, we have that dn is divisible by some prime s such that s ≡ 1 (mod p) and
s > k + 1. If M/Z(M) is not of type Al(q) or 2Al(q) for some positive integer l, then d is
not divisible by any prime greater than 5. Since p  5, it must be the case that s > 5, and
we have that s divides n. If M/Z(M) is of type Al(q) or 2Al(q), then d is not divisible by
any prime greater than l+1, and we may take k to be greater than or equal to l. In this case,
s > l + 1 and we again have that s divides n. This contradiction finishes the proof. 
4. A generalization
Theorem 1 may be stated somewhat more generally in terms of a set of prime numbers,
as follows.
Theorem 2. Let π be a set of prime numbers and let G be an irreducible π -separable
linear group of degree n. Assume that there does not exist a prime p ∈ π and prime power
q > 1 such that q divides n and q ≡ 1,−1, or 0 (mod p). Then G has a normal abelian
Hall π -subgroup.
Theorem 2 is equivalent to the statement that every irreducible π -separable linear group
satisfies condition (∗)π .
Proof. Assume that G is a counterexample of minimal order. Note that if p is any prime
in π , then G does not satisfy part (b) of condition (∗)p . Thus if we find a prime p ∈ π such
that G is p-solvable and a Sylow p-subgroup of G is not normal in G, then we will have a
contradiction in light of Theorem 1.
Let U = Oπ (G). By Lemma 1, we have that Oπ ′(G) = G, and as G is π -separable,
it must be true that U < G. Let n be the degree of G and let χ be a faithful, irreducible
character of G, with χ(1) = n. Note that χU ∈ Irr(U) since n is a π ′-number. Thus by the
minimality of |G| we have that U possesses a normal abelian Hall π -subgroup H .
Suppose that G/U is a p-group for some prime p ∈ π . Note that a Sylow p-subgroup of
U is normal in H , and is thus normal in both U and G. It follows that G is p-solvable. Let
P be a Sylow p-subgroup of G. We may assume that P G. If this is the case, however,
then HP is a normal (and hence abelian) Hall π -subgroup of G, which contradicts our
assumption that G is a counterexample. We may thus assume that G/U is not a p-group
for any prime p ∈ π .
For every prime p ∈ π and every Sylow p-subgroup P of G, we therefore have that
UP < G. Since χU ∈ Irr(U), the restriction of χ to UP must also be irreducible. The
minimality of |G| among counterexamples thus gives us that HP is a normal abelian Hall
B. Newton / Journal of Algebra 288 (2005) 384–391 391π -subgroup of UP . Since HP is abelian, we have that P HP , and hence that P UP .
It follows that every Sylow p-subgroup of G is normalized by U .
Now let K be a Hall π -subgroup of G. (We know that such a group exists since G is
π -separable.) For every prime p ∈ π , a Sylow p-subgroup of K is a Sylow p-subgroup
of G, and is thus normalized by U . It follows that K is normalized by U , and that K G.
This contradiction completes the proof. 
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